Abstract-An improved solution of the non-linear and ill-posed inverse problem of electrocardiography is presented. The hearts activity is modeled by three different equivalent cardiac sources: 1 moving dipole, 2 and 5 fixed location rotating dipoles. For this purpose a three dimensional volume conductor model of the human body is constructed based on a classical anatomic atlas. This is excited by each one of the cardiac sources. For the inverse problem a Least Squares (LS) optimization scheme is employed, aiming at the matching of the potential distribution calculated on the torso surface to the corresponding distribution measured with the aid of multiple electrodes. The efficiency of the method stems from the employment of arbitrary shaped hexahedral elements within the volume conductor model for the minimization of the required computational resources, while the model realistically reflects the body internal structure. Finally, the algorithm is successfully tested using measured data available online.
INTRODUCTION
The objective of electrocardiography in general is the qualitative and quantitative representation of the heart's electrical activity exploiting the information provided by the potentials recorded at the body surface. The inverse electrocardiography (ECG) in particular, refers to a pre-determined modelling of the cardiac activity by a variety of equivalent electric sources as a single or double moving/rotating electric dipole, multiple fixed location dipoles, the epicardial potential distribution and the activation of isochrones on the heart surface, e.g., [1] .
The aim of the inverse problem of electrocardiography is to restore the heart activity from a given set of body surface potentials. Its solution provides the researcher with detailed information about the electrophysiological heart activity of a patient and reduces the need for catheter measurements. Moreover, like most inverse problems, the solution of the ECG inverse problem is hindered by two common characteristics. First the non-uniqueness of the solution, namely the same set of measurements could result from more than one source configurations. Second the ill-posed nature of the inverse problem, i.e., an arbitrary small change of the body surface potentials can cause an arbitrary large change of the equivalent source solution. Moreover, like most inverse electromagnetic problems this is a non-linear one.
In the equivalent dipole model approach the activity of the heart is represented by one or multiple moving/rotating current dipoles. The basic underlying principle is to select the amplitudes and coordinates of these dipoles within an appropriate model of the torso such that calculated torso surface potential distribution closely matches the measured body-surface-potential distribution. This source model was used by Gulrajani et al. [2] , in some earlier investigations and Guard et al. [3] . Also Armoundas et al. [4] , and Bruder et al. [5] used the single moving dipole to simulate the electrical activity of the heart. There are many other research groups, e.g., [6, 7] active in the inverse electrocardiography field which aim at the definition of epicardial potential distribution either by using realistic geometry anisotropic heart models or trying to exploit a priory information. The research status up to 1998 is given in the review paper [1] .
Although our previous work [8] , based on a single fixed central location but rotating electric dipole, led to relatively successful localizations, this approach in turn involves a compromise in modeling accuracy. For that purpose, the present work implements improvements in the modeling of heart activity using three different equivalent electrical cardiac sources. Firstly, the single cardiac dipole is allowed to move and/or rotate. The use of two fixed location-rotating dipoles constitutes the second step of the current work. Last, the use of multiple static dipoles concludes this work. Each one of these dipoles represents a certain anatomical region of the heart.
The same algorithm for the solution of the inverse ECG problem along with the same finite element (FEM) volume conductor model [9] , implemented in our previous work [8] , is herein as well. This algorithm is general and can be adapted to the above mentioned or to more general source distributions. Besides the above, the main strength of our approach stems from the appropriately developed body volume conductor model. The latter enables the efficient and fast solution of the inverse problem which is based on multiple solution of the forward problem.
Finally, a series of successfully estimated rotating dipoles tracking the hearts temporal behavior will be presented. High spatial density measured body surface potentials available online by MacLeod et al. [10] are exploited for this purpose.
FORMULATION OF FORWARD PROBLEM

Torso Model -FEM Solution
A three dimensional (3-D) volume conductor modelling is required, which must also be a realistic one, namely accurately reflecting the internal geometrical body structure, in order to get the desirable agreement with the measurements. From previous works the accurate modelling of human torso needs some 400.000 cubic elements or more [11, 12] . In order to use a model in inverse problems it is imperative to minimize the elements number and hence minimize the required computational resources (time and memory). Since, the complexity is mostly due to the curved boundaries between the tissues, the number of elements can be drastically reduced when arbitrary shaped elements are used. For this purpose general hexaedral volume elements are adopted within our effort.
The implemented model, Fig. 1 , is based on the Eycleshymer and Shoemaker anatomic atlas [13] . The physiological tissue conductivity values assigned to each general hexahedral element were adopted from Geddes and Baker, [14] . It is constructed into 32 layers (33 cross sections) consisting of totally 8.800 general hexahedral elements and 9.727 nodes. Additional information can be found in previous work [15, 9] . 
Source Modelling
Focusing on the dipole modeling, the method proposed in [16] is employed. Each of the three different electrical cardiac sources is consisted of an equivalent number of electric dipoles. Every electric dipole is made up of six parameters: 3 for the dipole coordinates (the dipole origin) and 3 for the dipole moment components,P = I · lp (Fig. 2(a) ). Thus, for modeling purposes, a dipole in a 3-D space can be represented by a point current source atr =r + and point current sink at r =r − providing I and −I A, separated by an infinitesimal distance l, as shown in Fig. 2(b) . The Poisson equation in a 3-D space excited by a dipole source follows from the continuity equation [16] and reads: where δ(r − r ± ) denotes the Dirac's delta function centered at r ± which defines the points of current source and sink ( Fig. 2(b) ). With the aid of the variational technique, Eq. (1) along with the boundary conditions is reduced to a functional minimization, e.g., [14, 17] .
Let us repeat the linear system resulting from the minimization -integration over a specific element containing the dipole this reads [K] e · [V ] e = [I] e , where [K]
e is an 8 × 8 matrix that comes from the left hand side of (1), and [I] e is a vector that comes from the integration of right hand side of (1) after multiplying with the element's interpolation functions. According to [16] the excitation with a dipole source is equivalent to the application of currents I i on the 8 nodes of each element containing the dipole, Fig. 2(c) . In turn, these I i values will act as the excitation in the final system of equations to be obtained from the FEM master matrix assembly [14, 17] .
FORMULATION OF INVERSE PROBLEM
The solution of the inverse problem is usually based on iterative solutions of the forward problem. Namely, for a given geometry, a given conductivity distribution and a specified internal source, calculate the body surface potentials. In contrary for the inverse problem the body surface potentials are measured, the conductivity and geometry are assumed known (physiological values) and the internal equivalent source is sought.
Working toward the achievement of better accuracy in the source modelling, a number of different equivalent electric cardiac sources were tested. Every one of these sources is accompanied by a specific number of variables used to minimize the error of fitting the recorded data in the least square sense. Namely, the inverse problem is based on the Least-Squares (LS) Optimization and the nonlinearity is confronted by the implementation of the Levenberg-Marquardt method.
The required measured data set can be obtained from measurements on electrodes positioned equidistantly over the body surface (measured data-V). The algorithm starts with a guess for an equivalent cardiac electric source distribution and the body surface potentials are obtained (calculated data-U), solving the forward problem. Thereafter, the Levenberg-Marquardt optimization scheme is employed for the final equivalent cardiac source estimation. So, the initially assumed equivalent electric cardiac source parameters (e.g., 3 dipole moment components and 3 coordinates of dipole origin for a moving and rotating dipole) are iteratively updated until the differences between the measured and calculated data sets becomes comparable to an acceptable error tolerance. The least squares method minimizes the summed square of residuals. The residual for the ith data point r i is defined as the difference between the measured potential value V i and the calculated potential value U i , and is identified as the error associated with the data:
The cost function is defined as the summed square of residuals (SSQ) and reads:
where n is the number of data points (electrodes on the body surface) included in the fit model. The algorithm of the inverse problem is programmed in Matlab, while the computationally demanding procedures are implemented as Fortran subroutines. So presently, for the LevenbergMarquardt scheme we use the functions provided by the Matlab optimization toolbox for the nonlinear least-squares minimization.
NUMERICAL RESULTS
The proposed algorithm was applied for the localization of three different equivalent electric cardiac sources and satisfactory results were obtained. Firstly, a single cardiac dipole is allowed to move and/or rotate (six degrees of freedom). For the second model two dipoles are allowed only to rotate about a fixed origin in the heart area, the first located at the sinoatrial node of the heart and the second at the atrioventricular node. Finally, the use of five fixed location dipoles concludes our current work. The first two dipoles maintain the same location as in the previous source type while the third dipole is located in the Bundle of His and the last two in the area of the Purkinje fibers.
The algorithm was tested on real multichannel measured data set available on-line, [10] . According to [10] , the body surface potentials were measured from 128 electrodes positioned equidistantly over the body surface (Fig. 1) , for three different body poises (aligned-sitting, aligned-right and aligned-lying).
Due to space limitation numerical results will be given only for the 5 dipole model, while results for the other models will be presented at the conference. Figures 3(a) -(e) presents the moment components (Px, Py, Pz) of the 5 dipoles for each one of the three body poises. Alternatively, the dipole moment vector rotation can be presented in a 3-D view. An example of the 4th dipole's orbit for the sitting and lying poises are presented in the Fig. 3(f) . Figure 3 : The moments components (Px, Py, Pz) of the five dipoles (a-e) for the three body poises (lying-red, sitting-blue, aligned right-green). Dipole orbit during the whole cardiac temporal period for the 4th dipole for the sitting (blue) and lying (red) poises (f).
The normalized sum of squares error (SSQ/SSQmax) versus number of iterations for the source types of 1 moving dipole and for 2 and 5 fixed location dipoles for the sitting poise is shown in Fig. 4(a) . It is obvious that the 5 fixed location dipole model leads to a faster convergence. Finally, in order to verify the validity of our algorithm, the calculated potential values during the whole cardiac temporal period are compared with the respective values of the measured potentials. This is shown in Fig. 4(b) for the electrode number 67, which is the upper right side electrode shown in Fig. 1 (black dot) . As we can see the obtained voltages have almost the same form with small variations in their values.
CONCLUSIONS
A method solving the inverse problem of electrocardiography based on three different cardiac electric sources is successfully implemented. As compared to our previous work, the use of 1 moving dipole, 2 and 5 fixed location rotating dipoles leads to a better representation of the cardiac electrical activity. The forward problem future advancements include its "adaptivity" to the measured subject dimensions and separate models reflecting the subject poises (sitting or various lying alignments).
